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Scattering theory is a convenient way to describe systems that are subject to time-dependent
perturbations which are localized in time. Using scattering theory, one can compute time-
dependent invariant objects for the perturbed system knowing the invariant objects of the
unperturbed system. In this paper, we use scattering theory to give numerical computations of
invariant manifolds appearing in laser-driven reactions. In this setting, invariant manifolds separate
regions of phase space that lead to different outcomes of the reaction and can be used to compute
reaction rates. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4767656]
In this paper, we implement numerically the theoretical
ideas of Blazevski and de la Llave (2011) using the laser-
driven Henon-Heiles system introduced in Kawai et al.
(2007). The ideas of this paper are robust and can be used
for any system subject to a time-dependent perturbation
localized in time. Using the intertwining relations, scattering
theory yields a time-dependent conjugacy between the per-
turbed and unperturbed systems. Assuming one has the rel-
evant invariant manifolds for the unperturbed system, we
exploit the conjugacy to compute the corresponding objects
for the perturbed system. The algorithm used in this paper
to compute invariant manifolds is an alternative to the use
of time-dependent normal form theory used in Kawai et al.
(2007) and is readily parallelizable.
I. INTRODUCTION
A theoretical framework describing the use of scattering
theory to compute invariant manifolds for classical systems
subject to a time-dependent perturbation that is localized in
time and space was given in Blazevski and de la Llave (2011).
In particular, the laser-driven Henon-Heiles system introduced
in Kawai et al. (2007) was shown to fit within the framework
in Blazevski and de la Llave (2011). However, numerical com-
putations in Blazevski and de la Llave (2011) were not given,
and the goal of this paper is to give numerical results that illus-
trate how one can compute time-dependent invariant objects
using scattering theory. We focus on the laser-driven Henon-
Heiles system since it fits within the framework where scatter-
ing theory applies and it is also of physical interest.
Scattering theory gives a way to relate the perturbed
manifolds to the unperturbed manifolds. If the perturbation
is localized enough in time (e.g., the perturbation considered
in Kawai et al. (2007) was compactly supported in time, and
this fits within the framework of Blazevski and de la Llave
(2011)), then we have the existence the wave maps Xt06. We
postpone the definition of the wave maps until Sec. II, for
now, we merely mention that they are diffeomorphisms of
the phase space. As we recall in Sec. II, if M is an invariant
manifold for the unperturbed system (e.g., a fixed point, peri-









are time-dependent invariant manifolds for the perturbed
flow. Thus, provided one has the unperturbed objects com-
puted, then the computation of the corresponding perturbed
objects is reduced to computing the inverse wave maps
ðXt06Þ
1
. This yields a geometric, efficient method that is
highly parallelizable since one merely needs to compute a
fixed diffeomorphism ðXt06Þ
1
to an array of points corre-
sponding to the unperturbed manifolds.
The methods of this paper are of particular interest in
chemistry, since invariant manifolds has proved to be useful
to compute reaction rates in transition state theory (see, for
example, Bartsch et al. (2012); Waalkens et al. (2008)). The
computation of physically relevant quantities from transition
state theory such as the branching ratio has been improved
using invariant manifolds. The goal of this paper is not to
compute quantities like reaction rates or branching ratios,
but to show how one can compute the relevant invariant
manifolds that have been used to compute such quantities.
In Sec. II, we review the theory developed in Blazevski
and de la Llave (2011) with an emphasis on the numerical
implementation of the theory. As a simple illustration of the
theory, we show how it applies to perturbations of autono-
mous two-dimensional systems linear systems. In Sec. III,
we apply the theory thus developed to a problem in transition
state theory, namely to the laser-driven Henon-Heiles system
considered in Kawai et al. (2007).
II. BACKGROUND FROM TIME-DEPENDENT
SCATTERING THEORY
In this section, we review time-dependent classical scatter-
ing theory, with an emphasis on applying the theory for the
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numerical computation of invariant manifolds for systems sub-
ject to a perturbation that is localized in time and in space.
Many, but not all, of the topics have been developed in Blazev-
ski and de la Llave (2011). In particular, we further explore the
dynamics of the perturbed system and a numerical method
based on scattering theory to compute invariant manifolds, and
we illustrate the theory with an example of a time-dependent
perturbation of a two-dimensional hyperbolic linear flow.
Our exposition on the wave maps and scattering theory is brief
since a thorough treatment consisting of rigorous mathematical
results and comparisons to existing literature on scattering
theory were given in Blazevski and de la Llave (2011).
According to Blazevski and de la Llave (2011), scattering
theory for time-dependent vector fields considers an ODE
d
dt
XðtÞ ¼ VðXðtÞ; tÞ ¼ UðXðtÞ; tÞ þ PðX tð Þ; tÞ; (2)
in Euclidean space subject to a time-dependent perturbation
which is localized in time and space. Here, U is considered to
be the unperturbed vector field and PðX; tÞ is the perturbation
that is localized in time and space. We do not assume that P
has small amplitude globally in space and time. We require
that the perturbation amplitude decays in time, but is allowed
to be arbitrarily large for transient period. Thus, standard per-
turbation theory does not apply since the amplitude can be




from t0 to t of the unperturbed and perturbed vector fields,
respectively. In particular, we have Utt0  U
t0
s ¼ Uts and
Vtt0  V
t0
s ¼ Vts. The wave maps are then defined by
Xt06 ¼ Xt06ðU;VÞ ¼ limt!61U
t0
t  Vtt0 : (3)
The scattering map st0 is then defined as
st0 ¼ Xt0þ  ðXt0Þ
1: (4)
Wave maps provide a precise way of describing how the
flow Vtt0 behaves like the flow U
t
t0
. Indeed, we have
U6Tt0 ðX
t0
6ðXÞÞ  V6Tt0 ðXÞ; (5)
for large T > 0. See Fig. 1 for a geometric illustration of
Eq. (5). In Blazevski and de la Llave (2011), conditions are
given on the flow Utt0 and the vector field P for the wave
maps to exist. The main idea is that the decay rate of jPj
should be larger than the growth rate of jjDUtt0 jj. In this pa-
per, our numerical results will be for P compactly supported
in time, in which case the wave maps exist, are smooth, and
are invertible (see Blazevski and de la Llave (2011) for
details on when the wave maps exist in general, and
Sec. II A for the case of compactly supported perturbations).
It is important to note that these wave maps are for non-
autonomous flows that depend on the starting time t0.
Assuming that Xt06 are invertible and the limits defining
them exist pointwise, we have the intertwining relations








the wave maps yield a conjugacy has been studied before in
autonomous systems, the use scattering theory for autono-
mous classical systems has been used to study the local
behavior near a hyperbolic fixed point in Nelson (1969) and
was used to prove that certain systems, for example, the
Calogero-Moser system, is integrable (Gutkin, 1985b, 1985a;
Hubacher, 1989).
In this paper, our use of the time-dependent conjugacy is
to take invariant objects of the unperturbed flow to corre-
sponding time-dependent invariant manifolds for the per-
turbed flow. We recall that a time-dependent invariant
manifold for the flow Vtt0 is a family of manifolds Mt parame-
terized by time that satisfy the invariance condition
Vtt0ðMt0Þ ¼ Mt: (7)
The motivation for the computational results in this pa-
per is the following general result from Blazevski and de la
Llave (2011).
Theorem 1. Suppose the wave maps Xt06 exist for the
flows Utt0 and V
t
t0
. If Mt is a time-dependent invariant manifold




t of manifolds defined by
N6t ¼ ðXt6Þ
1ðMtÞ (8)
are time-dependent invariant manifolds for the flow Vtt0 .
Theorem 1 yields a numerical method to compute invari-
ant manifolds for the perturbed systems knowing the relevant
manifolds for the unperturbed system. Indeed, given a time-
dependent invariant manifold Mt for U
t
t0
, one merely applies
the inverse wave map to every point on Mt to obtain the time-
dependent invariant manifold N6t for V
t
t0
. Note that, in the
general case, ðXt6Þ
1
is given by a limit, and one therefore
FIG. 1. Geometric interpretation of the wave maps. Given an initial condi-
tion x0 for the perturbed flow V
t
t0
, the point xþ0 :¼ Xt0þ (resp. x0 :¼ Xt0) is the
unique point whose orbit under the unperturbed flow Utt0 is asymptotic in the
future (resp. past) to the orbit of x0. Reprinted with permission from Blazev-
ski, D. and de la Llave, R., “Time-dependent scattering theory for odes and
applications to reaction dynamics,” J. Phys. A: Math. Theor. 44, 195101
(2011). Copyright 2012 IOP Publishing.
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needs to consider convergence issues of computing ðXt6Þ
1
.
Bounds on the convergence of ðXtþÞ
1
can be obtained by
Cooke’s method, as used in Blazevski and de la Llave (2011).
However, in the case the perturbation PðX; tÞ is compactly
supported in time, ðXt6Þ
1
is not a limit and therefore there
are no convergence issues in the case that PðX; tÞ is com-
pactly supported in time (see Sec. II A for details).
A particular case of interest in this paper is when the flow
Utt0 is autonomous and subject to a time-dependent perturbation
that is localized in time. The perturbed flow Vtt0 will therefore
not in general have any of the classical structures that the flow
Utt0 has, namely fixed points, periodic orbits, KAM tori, etc.
The existence of a conjugacy between the flows Utt0 and V
t
t0
may thus seem counterintuitive at first, but note that we have a
time-dependent conjugacy. More precisely, suppose that M is
an invariant manifold for the unperturbed flow Utt0 , for instance,
a periodic orbit or a KAM torus. Although there are dynamics
on the manifold M, the manifold itself is static. In contrast, for
the perturbed flow, the wave maps yields time-dependent invar-
iant manifolds Nt0 that are no longer static but the manifold
itself is moving in time. Thus, even if the unperturbed manifold
M is a classical object such as a fixed point or a periodic orbit,
the corresponding object for the perturbed flow will now be a
fixed point or a periodic orbit.
A. Compactly supported P
Of particular interest is the case when P is compactly
supported in time, that is, PðX; tÞ ¼ 0 when jtj > T for some
T > 0. In this framework, the wave maps always exist, and
the case of laser-driven reaction considered in Sec. III has a
compactly supported P.
In this setting, it is interesting to compare our work with
the recent work on transitory dynamics of Mosovsky and
Meiss (2011). The setup and goals in Mosovsky and Meiss
(2011) is similar to ours, though in Mosovsky and Meiss
(2011), the consider vector fields of the form _X ¼ VðX; tÞ
where
VðX; tÞ ¼
PðXÞ for t < t0
FðXÞ for t > t1;
(
(9)
where t0 < t1 and P(X) represents the past dynamics and
P(X) represents the future dynamics and in the interval
½t0; t1, the vector field V(X, t) can have arbitrary time-
dependence. In Mosovsky and Meiss (2011), they use time-
dependent invariant manifolds to understand finite-time
transport. The setup of Blazevski and de la Llave (2011)
takes the past and future dynamics to be the same, the past
and future dynamics can be non-autonomous, and the past
and future dynamics are linked via a perturbation that is
localized in time that may not be compactly supported.
The numerical results in Sec. III are for the laser-driven
Henon-Heiles system first introduced in Kawai et al. (2007),
which has a compactly supported perturbation. We chose
this model since it is of physical interest and fits within the
framework of scattering theory we use. However, from the
computational perspective, a perturbation that is compactly
supported in time is easier to work with. Indeed, if the
perturbation PðX; tÞ is compactly supported in time, a limit
is no longer needed to compute the wave maps. To see this,
note that since V6t6T ¼ U6t6T for jtj > T, we have
Xt06 ¼ limt!61V
t0
6t  U6tt0 ¼ limt!61V
t0
6T  V6T6t  U6t6T  U6Tt0
¼ Vt06T  U6Tt0 : (10)
Hence to compute the inverse wave map ðXt06Þ
1
¼ Vt06T  U6Tt0 , which is needed to compute the perturbed
invariant manifolds, one only needs to integrate trajectories
for a finite specified time.
Moreover, Eq. (10) shows that no matter how large the
amplitude jPðX; tÞj of the perturbation is, the wave maps
exist provided that PðX; tÞ is compactly supported in time. In
case PðX; tÞ is not compactly supported, we believe that the
methods of this paper can still be used to compute invariant
manifolds, though one needs estimates on the convergence
of the limits defining the wave maps.
As a simple example of the ideas developed thus far,
consider the time-dependent perturbation of a 2D linear
hyperbolic system
_x ¼ x
_y ¼ yþ 0:1e
ð1:0t2Þex
2





The perturbing term 0:1eð1:0t
2Þex
2
and all its derivatives
vanish at t ¼ 61 and is peaked near x¼ 0. Without the per-
turbation, the origin is a fixed point and the x-axis is its sta-
ble manifold. Using the time-dependent conjugacy (6), one
obtains a family Nþt0 for the perturbed system shown in
Figure 2. For t0  1, the manifold approaches the x-axis
as t0 !1, and as t0 ! 1 and t0 < 1, the manifold
moves away from the x-axis. Then for 1 < t0 < 1, the
manifold starts to go back to the x-axis and for t0 > 1 the
manifold simply is the x-axis. The manifold is furthest from
the x-axis when t0 ¼ 1 since for t0 > 1 the perturbation
has had its full effect yet, and for t0 < 1, the manifold
starts to hyperbolic dynamics kick back in and the manifolds
relaxes back to the x-axis.
FIG. 2. Time-dependent family of manifolds for the perturbation of a 2D
hyperbolic linear system (11).
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B. Asymptotic and eventually fixed points, periodic
orbits, and KAM tori
We further explore the implications the existence of the
wave maps has on the dynamics of the perturbed system.
Suppose one has a classical invariant object such as a fixed
point, a periodic orbit, a KAM torus, etc. Then, in the per-
turbed systems, there are no such structures, however, the
corresponding objects that we can compute using scattering
theory for the perturbed system will be asymptotically fixed
points, periodic orbits, and KAM tori.
Indeed, suppose that X0 is an initial condition of a fixed
point, a periodic orbit, or a KAM torus. Then the points Xþ0




are initial conditions for asymptotically fixed points, periodic
orbits, and KAM tori in the past and present. The time-
dependent conjugacy (6) tells us that the dynamics is conju-
gate to the dynamics of X0. Moreover, simply by the defini-
tion of the wave maps, the perturbed orbit itself is











0 Þ : t < t0gÞ ¼ 0: (13)
See Figure 3 for a geometric representation of asymptotically
periodic orbits.
In the special case when PðX; tÞ is compactly supported
in time, instead of asymptotic fixed points, periodic orbits,
and KAM tori, we have something even stronger, namely
eventually fixed points, periodic orbits, and KAM tori. Sup-
pose that X0 is an initial condition for a fixed point, a periodic
orbit or a KAM torus for the unperturbed flow Utt0 and con-
sider the points X60 ¼ ðXt06Þ
1ðX0Þ. If the perturbation P is
supported in the interval [– T, T], we saw in Sec. II A that the
wave maps are not in fact limits, namely, we have
X60 ¼ V
t0
6T  U6Tt0 ðX0Þ: (14)
Thus, V6Tt0 ðX
6
0 Þ ¼ U6Tt0 ðX0Þ is on the unperturbed orbit,
which is to say that if we flow Xþ0 forward in time from t0 to
T, the trajectory lands on the unperturbed trajectory, and
since P ¼ 0 for t  T, after time T the perturbed trajectory
will follow the unperturbed trajectory, but behaves unpre-
dictably for t < T. Similarly, flowing X0 backward in time
to t¼T lands us on the unperturbed trajectory and the orbit
is the same as the unperturbed orbit if we continue to flow
further backward in time.
III. RESULTS FOR THE LASER-DRIVEN
HENON-HEILES SYSTEM
In this section, we apply the theory developed in Sec. II to
the laser-driven Henon-Heiles system introduced in Kawai
et al. (2007). The motivation for computing invariant manifolds
for models appearing in chemistry is transition state theory,
which has achieved recent progress to compute rates of reac-
tions by computing invariant manifolds that separate the
regions of phase space that lead to a certain outcome of a reac-
tion. (See, for example, Bartsch et al. (2012); Gabern et al.
(2005); Haller et al. (2011); Waalkens et al. (2008).) In this
section, we focus on how to numerically compute invariant
manifolds for molecules subject to a laser for a short time.
We consider the laser-driven Henon-Heiles system
whose Hamiltonian is given by
Hðx; y; px; pyÞ ¼
1
2
ðp2x þ p2yÞ þ
1
2
ðx2 þ y2Þ þ x2y 1
3
y3
















The term E1ðtÞ is a perturbation that represents shining a
laser on the molecules for a short time and the values for the
remaining variables have been chosen in accordance with
the system used in Kawai et al. (2007), namely, we take
a ¼ 2; b ¼ 4;x ¼ 3;N ¼ 4, and A0 ¼ 130. Thus, the perturba-
tion is zero for jtj > 4:189.
For the unperturbed system, we have the well known
invariant objects of the Henon-Heiles system that we consider,
which include fixed points, periodic orbits, and their stable
and unstable manifolds. We focus our attention to two energy
values e¼ 1/12 and e¼ 1/6. Fixing the energy to either of
FIG. 3. Depiction of an asymptotically periodic orbit. The point X0 is an ini-
tial condition for a periodic orbit (in black) for the unperturbed flow Utt0 .
The points X60 :¼ ðXt06Þ
1
are initial conditions for asymptotically periodic
orbits in the future (corresponding to Xþ0 in blue) and past (corresponding to
X0 in red).
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these values, and taking the surface of section x¼ 0 leads to
the well known Poincare plots seen in Figures 4(a) and 7(a).
For e¼ 1/12, there are three hyperbolic fixed points for
the Poincare map corresponding to hyperbolic periodic orbits
of the flow, each of which was computed using Newton’s
method for the function
Fðy; pyÞ ¼ Pðy; pyÞ  Idðy; pyÞ; (18)
where Pðy; pyÞ is the Poincare map and Id is the identity map.
Initial guesses were gathered from the Poincare plot, and the
three hyperbolic fixed points are ðy1; py1Þ ¼ ð0:1203:::; 0:0Þ,
ðy2; py2Þ ¼ ð0:2110:::; 0:2780:::Þ, and ðy3; py3Þ ¼ ð0:2110:::;
0:2780:::Þ.
We also computed the stable and unstable manifolds
using a method based on linearizing the Poincare map at the
fixed points. First, the Jacobian matrix DPðy0; py0Þ was com-
puted for each fixed point ðy0; py0Þ. Since the fixed points are
hyperbolic, there are stable and unstable eigenvalues ks and
ku with jksj < 1 and jkuj > 1 and corresponding eigenvectors
vs :¼ ðvsy; vspyÞ and v
u :¼ ðvuy ; vupyÞ. Since v
s;u are tangent to Wsu
at ðy0; py0Þ, a small perturbation is added to each fixed point
in the direction of the respective stable or unstable eigenvec-
tor. The eigenvectors are scaled in both the positive and neg-
ative directions to account for the fact that hyperbolic fixed
points have two incoming stable manifolds and two outgoing
unstable manifolds. Thus, for 0 < e 1, the points









are approximately on Ws and Wu, respectively. The mani-
folds are then calculated by iterating Pðyu; pyuÞ for the
unstable manifold and P1ðys; pysÞ for the stable manifold.
This gives one trajectory that is approximately on the stable
or unstable manifolds, and the remainder of the manifold
was obtained by interpolation. The stable and unstable
manifolds of each of the three fixed points in Figure 4
are shown in thick blue (color on line only). Note that
we have heteroclinic connections between different fixed
points.
To understand what happens to the structure of the phase
space for the perturbed laser-driven system, it is natural to be
primarily interested in objects for a starting time t0 just
before the onset of the laser pulse and flow the forward until
after the laser is turned off. Thus, since Xt0þ give the forward
dynamics of the perturbed system, the relevant invariant
objects of the perturbed system were computed by applying
the inverse wave map
ðXt0þÞ
1 ¼ Vt0tf  U
tf
t0 ; (20)
to every point on the corresponding unperturbed object for t0
in the interval [5.0, 5.0]. One can also consider past dy-
namics and the wave map Xt0, but the results are similar and
of less interest physically.
Figure 4(b) shows the how far the perturbed points
move by computing the difference between the wave map
and the identity
D ¼ jjðXt0þÞ
1  Idjj: (21)
Figure 4(b) shows the contour plot of D on the domain of
the Poincare map. It is important to the remark that the dis-
tance D is computed in the full phase space, not simply in
the y-py plane. More precisely, to each point ðy; pyÞ in the
domain of the Poincare map, we have a corresponding point
FIG. 4. The Poincare plot for e¼ 1/12 is shown in
(a). A contour plot of the function D that computes
the distance between the inverse wave map ðXt0þÞ
1
and the identity is shown in (b) for t0 ¼ 4:2. In
(c), we compare an unperturbed trajectory for the
Poincare map (in blue) and the perturbed trajectory
for t0 ¼ 4:2 (in red). Finally, in (d), we reflected
the unperturbed trajectory for t0 ¼ 4:2 about the
y-axis and noticed a lack of symmetry about the
y-axis of the unperturbed trajectories.
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X ¼ ðx; y; px; pyÞ ¼ ð0:0; y; pxðy; pyÞ; pyÞ in the full phase
space, where we are using the fact that fixing an
energy value e0 and x¼ 0 allows us to compute pxðy; pyÞ
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2y  y2 þ 2=3y3 þ 2e0
q
as a function of y and py. The
wave map Xt0þ, the identity function and the distance defin-
ing D are then computed using the points in full phase
space. Since the perturbation is localized near the origin in
the full phase space, it is expected that D is peaked near
ðy; pyÞ ¼ 0, which is indeed what we observe.
To further understand the difference between the per-
turbed and unperturbed systems, we took a single orbit
ðy; pyÞ ¼ ð0:25; 0:0Þ of the Poincare map and computed
the inverse wave map ðXt0þÞ
1
to each point on the orbit and
plotted the result in the y-py plane. The result is shown in
Figure 4(c).
The unperturbed Henon-Heiles system has many sym-
metries, one in particular is symmetry about fy ¼ 0g. The
perturbation breaks the symmetry and the unperturbed orbits
are not symmetric like their perturbed counterparts. This is
shown in Figure 4(d) where we plot the perturbed orbit in the
y-py plane and the reflection of the orbit about the horizontal
axis.
As we emphasized in Secs. I and II, invariant stable and
unstable manifolds are of interest in chemistry since they sep-
arate regions of phase space leading to different outcomes of
a chemical reaction and can be used to compute reaction
rates. Thus, an important question to ask is what happens to
unperturbed manifolds in the laser-driven system. We
took the heteroclinic arcs connecting the fixed points ðy1; py1Þ
¼ ð0:1203:::; 0:0Þ and ðy2; py2Þ ¼ ð0:2110:::; 0:2780:::Þ,
and computed the corresponding time-dependent invariant
forward manifolds Nþt0 for the perturbed system are computed
for t0 in the interval [5.0, 5.0]. This time interval is chosen
since the laser term in the Hamiltonian is supported in
[4.189, 4.189]. Thus, we compute the manifolds starting at
a time before the laser pulse, and see how they evolve for-
ward in time until just after the laser is turned off. Computing




to each point on the unperturbed manifold for different times
t0. The result is shown in Figure 5.
One can also carry out similar computation for a different
energy value. The energy value e¼ 1/6 is a critical value of
the energy, and we obtain interesting results due to criticality.
The criticality of the energy value e¼ 1/6 has been considered
before in Arioli and Zgliczynski (2003), and the criticality lies
in the fact that there is no well-defined Poincare map for the
section x¼ 0 and energy value e > 1=6. In Figures 6(a) and
6(b), the closed curves in the middle shows the domain of the
Poincare map, and in Figure 6, we see that for e > 1=6 there
is no curve that confines many of the points to stay within a
bounded region. For e > 1=6, there still may be elliptic
islands near ðy; pyÞ ¼ ð0:0; 0:0Þ and ðy; py ¼ 0:5; 0:0Þ corre-
sponding to the islands for energy e¼ 1/6 seen in Figure 7(a)
that have confined orbits, but the chaotic regions in Figure
7(a) will not be confined once we take e > 1=6.
For the e¼ 1/6 case, the hyperbolic fixed point ðy; pyÞ
¼ ð1; 0Þ is degenerate for the Poincare map since it is actually
a fixed point for the flow and hence never leaves y-py plane.
For t0 ¼ 4:2, we compute the perturbed trajectories near
one of the unperturbed elliptic islands, and we again observe a
definite lack of symmetry about the y-axis.
Because the energy value e¼ 1/6 is a critical value of
the energy, if the perturbed orbits increase in energy as the
laser turns on, the orbits can escape to infinity. This happens
to the degenerate fixed point ðy; pyÞ ¼ ð1:0; 0:0Þ as seen in
Figure 7(c), which tracks jjðXt0þÞ
1ðX0Þ  X0jj where
X0 ¼ ð0:0; 1:0; 0:0; 0:0Þ. Thus, the forward dynamics of the
FIG. 5. The behavior of the invariant manifolds over
time for e ¼ 1
12
is considered in (a) by computing
ðXt0þÞ
1
of a manifold for t0 values in [–5.0, 4.0].
(b)–(d) show the manifolds for different times,
namely, t0 ¼ 5 (in green), t0 ¼ 2 (in cyan),
t0 ¼ 1 (in magenta), and t0 ¼ 4 (in black).
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trajectory corresponding to X0 for the perturbed flow is at in-
finity when t0 ¼ 1 and moves in closer to the fixed point
and lands on the unperturbed fixed point when the laser is
turned off at t¼ 4.189 and stays there after the laser is turned
off. Note that although c) shows that the orbit comes from in-
finity, if we compute the change in energy along the orbit
DE ¼ jH0  ðXt0þÞ
1  H0j; (22)
where H0 is the unperturbed Henon-Heiles Hamiltonian, we
see that the energy along the orbit is remarkably close the
e¼ 1/6, the energy of the fixed point.
As expected, we found that the energy does not
change much generically, even though the orbits may escape to
infinity under the perturbed system. We computed the change
in energy by computing DE using Eq. (22), and made contour
plots for e0 ¼ 1=12 and e¼ 1/6. The result is shown in Figure
8, and we indeed see little change in energy, especially when
compared to the actual distance moved in phase space.
Lastly, we can compute eventually periodic orbits
described in Sec. II. We consider periodic orbit for
energy e¼ 1/12 corresponding to the point ðy1; py1Þ
¼ð0:1203:::; 0:0Þ on the Poincare plot in Figure 4(a).
In Figure 9(a), we plot the evolution of the orbit under
the unperturbed flow in the y-py plane. Taking
X0 ¼ ð0:0;0:1203:::; 0:3886:::; 0:0Þ as an initial condition
for the unperturbed orbit, we computed Xþ0 ¼ ðXt0þÞ
1
¼ Vt0T  UTt0ðX0Þ for t0 ¼ 4:2. For t in the interval
½t0 ¼ 4:2; T, the laser is on and the orbit is behaving
unpredictably. However, the instant the laser is turned off
FIG. 6. Bifurcation of the regions where the Poincare map is defined for energies: (a) e¼ 1/12, (b) e¼ 1/6, (c) e¼ 1/6þ 0.001. The energy value e¼ 1/6 is a
critical value of energy since orbits for e¼ 1/6þ 0.001 escape to infinity.
FIG. 7. The Poincare plot for the unperturbed system
is shown in (a). If we apply the inverse wave map
ðXt0þÞ
1
for t0 ¼ 4:2 to the orbits near one of the
elliptic islands we obtain the asymmetric (w.r.t the
y-axis) unperturbed time-dependent manifolds at
time t0 ¼ 4:2 shown in (b). (c) The distance
D ¼ jjðXt0þÞ
1ðX0Þ  X0jj from the unperturbed fixed
point X0 ¼ ð0:0; 1:0; 0:0; 0:0Þ as a function of t0 and
(d) plots DE ¼ jH0ðXt0þÞ
1ð0:0; 1:0; 0:0; 0:0Þ  1=6j
as a function of t0.
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at t¼T we have Vtt0ðX
þ
0 Þ ¼ UTt0ðX0Þ and hence the orbit
lands on the unperturbed periodic orbit once the laser is off




the orbit is periodic forward in time for t > T.
IV. CONCLUSION
In this paper, we described how to implement numeri-
cally the ideas developed in Blazevski and de la Llave
(2011). We considered the specific example of the laser-
driven Henon-Heiles system introduced in Kawai et al.
(2007). Using the time-dependent conjugacy given by the
intertwining relations, we reduced the computation of time-
dependent invariant manifolds for the laser-driven system to
applying the inverse wave maps ðXt06Þ
1
to the unperturbed
invariant manifolds. In particular, we do not use time-
dependent normal form theory use in Kawai et al. (2007). In
the case, the perturbation is compactly supported in [ T, T],
one merely needs to apply the transformation
ðXt06Þ
1 ¼ Vt06T  U6Tt0 ; (23)
to each point on the unperturbed manifold. Thus, one can use
whatever methods one likes to compute the unperturbed
objects and then apply ðXt06Þ
1
to each point on the
unperturbed manifold. With respect to points on the unper-
turbed manifold and modifying t0, our method is highly
parallelizable.
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